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Summary 


This  work  extends  to  symmetri  c\-stable  (S<jtS)  processes,  1  <^<2,  which  are 
Fourier  transforms  of  independently  scattered  random  measures  on  locally  compact 
Abelian  groups,  some  of  the  basic  results  known  for  processes  with  finite  second 
moments  and  for  Gaussian  processes.  Analytic  conditions  for  subordination  of 
left  (right)  stationarily  related  processes  and  a  weak  law  of  large  numbers  are 
obtained.  The  main  results  deal  with  the  interpolation  problem.  Characteriza¬ 
tion  of  minimal  and  interpolable  processes  on  discrete  groups  are  derived.  Also 
formulas  for  the  interpolator  and  the  corresponding  interpolation  error  are 
given.  This  yields  a  solution  of  the  interpolation  problem  for  the  considered 
class  of  stable  processes  in  this  general  setting.  ^ _ 
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0.  Introduction 


Many  features  of  the  theory  of  Gaussian  processes,  in  particular  some  path 
properties  <101,  linear  estimation  and  system  identification  r4',  nonnarametric 
estimates  for  spectral  density  till  as  well  as  linear  prediction  r7\  r s 1  have 
been  shown  to  extend  to  appropriate  classes  of  a-stable  processes.  The  main 
difficulty  is  due  to  the  fact  that,  while  the  linear  space  of  a  Gaussian  pro¬ 
cess  is  a  Hilbert  space,  the  linear  space  of  a  stable  process  is  an  space 

and  its  geometry  is  completely  different. 

2 

With  the  aim  of  carrying  over  L  -stationarity  type  arguments  to  the  theory 
of  u-stablo  processes,  l<a<2,  Y.  Ilosoya  <7  1,  S.  Cambanis  and  R.  Soltani  r5> 
have  considered  the  class  of  harmonizahle  symmetric  nt-stable  sequences  and  nro- 
cesses.  This  idea  goes  back  to  K.  Urbanik  I"  18],  who  studied  first  harmonizable 
processes  with  infinite  second  moments  and  their  prediction,  but  under  a  more 
restrictive  assumption  that  the  processes  admit  independent  prediction.  It 
turns  out  that  such  an  assumption  which  is  useful  in  a-stable  contexts  in  gene¬ 
ral,  unfortunately  is  not  satisfied  for  harmonizable  a-stable  processes.  The 
main  obstacle  here  is  the  lack  of  independent  random  variables  in  the  linear 
span  of  the  process,  cf.  r  51,  th.  3.3.  However,  the  importance  of  harmonizable 
processes  is  that  their  theory  can  be  penetrated  by  Fourier  analysis  type  argu¬ 
ments. 

The  approach  given  in  this  paper  follows  the  recent  work  or  S.  Cambanis  and 

R.  Soltani  [5]  with  the  extension  to  our  general  setting  which  is  motivated  as 

2 

follows.  In  the  development  of  the  theory  of  L  -stationary  processes 
a  natural  trend  can  be  observed.  First  classical  results  derived  for  the  pro¬ 
cesses  with  discrete  or  continuous  time  T  (T  =  TJ  or  R]  were  extended  to  the 
case  of  random  fields  on  T  =  TJ  n  or  on  T  =  Fn  ,  and  next  to  the  more  general 


\ 


k 
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parameter  sets  such  as  groups  or  homogeneous  spaces.  This  was  motivated  not 
only  by  theoretical  aims,  but  also  by  some  practical  needs.  Probably  the  simp¬ 
lest  example  is  given  by  a  class  of  processes  considered  in  meteorology,  where 
T  =  x  TJ  ,  Sj  is  the  unit  sphere  in  ,  see  r 14 1  and  references  therein. 

Having  this  in  mind,  it  seems  desirable  to  develop  a  theory  for  a-stable  pro¬ 
cesses  at  once  in  such  a  general  setup.  This  will  permit  inclusion  also  of  the 

2 

class  of  dyadic  stationary  processes,  which  for  the  I,  -case  has  been  used  re¬ 
cently  for  several  purposes,  mainly  due  to  computational  advantages  of  Walsh 
spectral  analysis,  sec  f 12  1  and  references  therein. 

The  fact  that  the  linear  span  of  a  SaS  process  can  be  considered  as  a  semi- 
inner  product  space  with  respect  to  the  covariation  r  • ,  •  introduced  for  com¬ 
plex  SaS  variables  by  S.  Cambanis  ^31,  will  play  a  fundamental  role  in  this 
paper.  It  should  also  be  mentioned  that  the  norm  11*1^  defined  by  this  semi- 
inner  product  is  equivalent  to  the  usual  pth  norm,  where  l<p<a<2  and  the  conver¬ 
gence  in  ||  •  ||  norm  is  equivalent  to  the  convergence  in  probability. 

The  plan  of  the  paper  is  as  follows.  In  Section  1,  we  set  up  the  basic  no¬ 
tations  and  conventions,  we  present  a  general  isomorphism  lemma  and  we  study  the 
conditions  for  subordination  of  harmonizable  SaS  processes.  The  fact  that  the 
covariation  is  not  linear  in  the  second  argument  forces  us  to  introduce  a  class 
of  left  (right)  stationarily  related  processes.  Th.  1.1  gives  necessary  and 
sufficient  analytic  conditions  for  subordination  of  left  (right)  stationarily 
related  processes,  which  is  an  extension  of  A.N.  Kolmogorov's  '81  and  L. 
Bruckner's  r2!  results  from  the  symmetric  a  =  2  case. 

Section  2  is  devoted  to  the  study  of  ergodic  properties.  Th.  2.1  gives  a 
law  of  large  numbers  for  harmonizable  SaS  processes  on  second  countable  locally 
compact  Abelian  (LCA)  groups.  As  a  corollary  Prop.  2.1  and  remarks  related  to 
the  Maruyama-r.renandeT  characterization  of  metric  transitivity  are  mentioned. 
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In  Section  3  basic  concepts  and  theorems  related  to  interpolation  are  in¬ 
vestigated.  Using  th.  1.1  on  subordination,  we  derive  a  complete  characteriza¬ 
tion  of  minimal  hannonizable  SaS  processes  on  a  discrete  Abelian  group,  which  is 
an  extension  of  Kolmogorov's  theorem.  This  result  for  a  =  2  reduces  to  known 
facts,  cf.  T21  and  r91.  Recently,  minimality  of  harmonizable  SaS  processes  on 
the  group  of  integers  has  been  studied  by  M.  Pourahmadi  r 13  | ,  under  the  restric¬ 
tive  assumption  that  the  reciprocal  of  the  spectral  density  exists  a.s.  As  we 
prove  in  th.  3.1  any  minimal  process  has  such  property  and  this  restriction  is 
not  needed.  Moreover,  an  interpolation  problem  is  considered,  when  the  values 
of  the  process  (defined  on  a  discrete  Abelian  group)  on  a  compact  subset  are 
missing  or  cannot  be  observed.  Th.  3.2  provides  formulas  for  the  interpolation 
error  and  interpolator  related  to  this  problem.  Also  a  characterization  of  in- 
terpolable  (exactly  predictable)  processes  is  derived.  For  a =2,  these  results 
were  obtained  first  by  A.M.  Yaglom  r201  for  processes  with  discrete  time  and 
then  successively  extended  to  processes  on  groups  cf.  r 2 T ,  fib1,  r19!  and  refer¬ 
ences  therein. 

Failure  of  the  least-squares  method  of  forecasting  in  economic  time  scries 
was  first  explained  by  B.  Mandelbrot,  The  variation  of  certain  speculative 
prices,  .1.  Business  36  (1963),  394-419  and  45  (1972),  542-543.  lie  introduced  a 
radically  new  approach  based  on  u-stablc  processes  to  the  problem  of  price  vari¬ 
ation.  This  additionally  motivated  our  study. 
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1 .  Spectral  domain  analysis 


A  stochastic  process  (xt)tfT  is  called  a  symmetric  a-stable  (SuS)  process 

if  all  the  linear  combinations  a,X(t,)  ♦  ...+  a  X(t  )  are  SaS  random  variables, 

li  n  n 

l<a<2.  In  particular,  if  a  =2,  X  is  a  Gaussian  process.  Recall  that  a  complex 
random  variable  X  =  Xj  ♦  iX2  is  SaS  if  Xj,X2  are  jointly  SaS  and  its  characteristic 
function  is  written  with  t  =  tj  + it2  as 


E  exp{iR(tX)}  =  E  cxp(i(t^X^  +  *2*2^ 

=  exp{-J  jlt^  + t2x2f\irx  x  (Xl,x2)}  , 

S  12 

2 

where  T  is  a  symmetric  measure  on  the  unit  sphere  S,  of  K 

^1  *  a2  ^ 

When  X  =  Xj  + iX2  and  Y  =  Yj  ♦  iY2  are  jointly  SaS  and  l<a<2,  the  covariation 


of  X  with  Y  is  defined  in  f 31  as 
(1.1) 


X'Y1a  =  /  4(x!  + ix2) (Yj  + iy2) 

s 


<a-l> 


drx  X  Y  Y 


where  for  a  complex  number  z  and  B  >  0  we  use  throughout  the  convention 

u. 2)  z<6>  =  •  r 

where  z  is  the  complex  conjugate  of  z. 

Elementary,  hut  useful  properties  of  the  function  z<^>  are  listed  in  the 
following 

LEMMA  1.1 

(i)  |z|6  .  z-z'6-1’  , 

(ii)  U<B>I  ■  Wl<6>  , 


(iii)  if  z<B>  =  v,  then  z  =  jv 


(l-6)/B  - 


The  covariation  of  jointly  SaS  random  variables  defined  by  formula  (1.1)  is 
not  generally  symmetric  and  unlike  the  covariance  (to  which  it  reduces  in  Gaussian 
case  a = 2)  it  is  not  linear  in  the  second  argument,  but  introduces  on  the  linear 
space  S  of  all  SaS  random  variables  a  useful  concept  of  a  semi-inner  product. 


4- 


1.2 


The  basic  properties  of  covariation  are  contained  in 


LEMMA  1.2 

(f31) 

(i) 

rx.  +X-.Y1  =  rx, ,y  1  +  rx  Y1 

1  2  a  l  a  2  a 

(ii) 

FaX.bYJ  =  ab<a_1>fX,Yl 

’a  a 

(iii) 

rx,Yla  =  0  if  X,Y  are  independent , 

(iv) 

independent. 

(v) 

1  t  CM 

||x||  =  r x,xr  is  a  norm  on  S  equivalent  to 

convergence  in 

probability. 

In  the  real  case  the  ||*||a-nomi  is  related  to  the  usual  pth  norm  by  ||x||^  = 
C(p,a) C E | x | ,  where  C(p,a)  is  the  constant  depending  only  on  a  and  p,  l<p<a< 
see  1 4  T ,  p.  45 .  This  is  no  longer  valid  for  the  complex  case,  however  ||  •  ||  is 
equivalent  to  the  pth  norm,  which  is  sufficient  for  our  aims.  Cf.  also  13  1. 

l.et  G  be  a  locally  compact  Abelian  (LCA)  group  and  ft  the  dual  group  of  G. 
Then  ft  is  also  a  LCA  group  under  the  compact-open  topology.  Because  of  the 
duality  between  G  and  ft  we  will  denote  the  characters  of  G  by  <g,y>,  ge  G,  y  e  G. 
They  have  the  following  properties. 

(1.3)  <g»Y><l*»Y>  =  <R+h,Y> 

I <R,Y> I  =  1 

-1 


<-g,Y>  =  <g,Y>  =  <g,Y 


On  any  LCA  group  there  exists  a  non-negative  measure,  finite  on  compact  sets  and 
positive  on  non-empty  open  sets,  the  so-called  ? car  measure  of  the  group,  which 
is  translation  invariant.  Wc  will  Jenote  usually  the  Haar  measures  on  G  and  ft 
by  dg  and  dy,  respectively.  But  one  exception  will  be  given  in  Section  2.  For 
more  information  see  flS). 


DEFINITION  1.1 

A  SaS  process  (X  )  l<a<2  is  said  to  be  harmonizable  if  there  exists  an 

g  g«G 


1.3 


independently  scattered  SaS  measure  Z(*)  on  the  Borel  a-field  8^  of  the  dual 
group  ft  such  that 

X  "  J(A  <R.Y'>  Z  (dy)  ,  g  -  C  , 

where  the  scalar  valued  measure  F(A)  =  ||Z(A)[|^  is  finite.  F  is  called  the 
control  measure  of  the  process. 

Some  comments  are  in  order.  First  we  recall  that  a  random  measure  Z(*) 
is  independently  scattered  if 

(i)  for  every  sequence  Ej ,  E2 , . . .  of  disjoint  Borel  sets 

z‘Jl  rn>  ■  \  z<En>  • 
n=l 

where  the  series  converges  in  probability, 

(ii)  for  every  sequence  E^.E,,,...,  E^  of  disjoint  Borel  sets  the  random  varia¬ 
bles  Z(F.j)  ,Z(E2) , . . . ,  ZfE^j  are  independent. 

In  our  case  of  SaS  random  variables  from  l.emma  1.2  follows  that  Z(*j  is 
orthogonally  scattered  in  the  sense  that 

rZ(Ej),  Z(E2)  1^  =  0  whenever  E^r\E^  =  !fi  , 

and  one  may  repeat  the  classical  construction  of  the  integral  with  respect  to 

Z(*).  Namely,  if  f(»)  is  a  simple  function  of  the  form  f =  a^  1£  then 

K 

Jg  «l)Z(dy)  .  ji  c^d^) 

and 

||/gf(y)Z(dy)||“  =/g|f(y)|aFCdY)  , 

where 

F(E)  =  ||2(E)  ||; 
is  the  control  measure 

Next  for  an,  -  La  .  chere  exists  a  sequence  of  simple  functions  f  -*-f  with 
respect  to  ||»||  .  If  we  put 
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f  f(Y)ZCdY)  =  lim  /  f  fY)Z(dY)  , 

G  n-+®  G 

then  this  integral  is  well  defined,  does  not  depend  on  the  choice  of  {f^}  and 

ct 

defines  linear  isometry  I:  L  (F)  into  S. 

Such  processes  for  G  =  TJ  —  the  integers  has  been  introduced  recently  by 
Y.  Hosoya  f 7 1  and  for  G  =  1R —  the  Teals  by  S.  Cambanis  and  R.  Soltani  r5  '. 
Observe  that  in  both  cases  the  random  measure  Zf*)  can  be  realized  by  means  of 
a  right  continuous  SaS  process  £  with  independent  increments  using  the  formula 
Z((a,bl)  =  -  £a  for  each  ash. 

The  following  lemma  will  be  used  later  . 

LEMMA  1.3 

(i)  If  p(y).qCY)  f  l“(F)  ,  then 

rJ^  PCY)Z(dy)  ,  q(Y)Z(dY)  1a  =  Jg  P(Y'>q(Y)<a~1  F(dy)  . 


(ii)  Each  harmonizable  SaS  process  (X^) ^  is  covariation  stationary 


v.e. 


rX6-Xh1a=rVl.-X01a'rX0-Vh]a-4  <*-» . V>F CdVJ  . 

(iii)  There  exists  a  preserving  semi-inner  product  correspondence  (an 

isometric  isomorphism  l)  between  the  time  domain 

L(X,G) ( ”  sptX^.gtG}  in  S_)  of  the  harmonizable  SaS  process 

and  the  spectral  domain  of  the  process  given  by 

I  P(Y)  =L  n(Y)Z(dY)  ,  p(-)  e  I.a(F)  . 

C 


Proof: 


(i)  It  is  enough  to  check  this  formula  on  the  dense  subset  of  sim¬ 
ple  functions  in  La(F) .  For  this  let  p(Y)  =  Ikak1A.  and  =^  b  lB  ‘  by 

k  J  J 


Lemma  1 . 2 
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r/  p(Y)ZCdy),/  qCY)Z(dY)1a=  l  a^^^fZCA^  ,Z(B.)  ^ 

G  G  k ,  j 

=  i  vr1>F(Ak"Bi) 

k.j  *  J  J 

= JA  P(Y)q(Y)<“‘1>F(dY)  - 

G 

The  rest  follows  from  the  definition  of  the  integral  with  respect  to  Z(*). 

(ii)  It  is  immediate  from  (i)  . 

(iii)  Observe  that  I<g,Y>  =  JA<g.Y>Z(dY)  =X  .  By  (i)  I  is  an  isometrv  which 

G  g 

preserves  a  semi-inner  product  on  the  set  of  all  characters  onto  {X^.geG}.  I 
can  be  extended  to  an  isometry  on  the  linear  hulls  of  these  sets  and  hence  to  an 
isometry  on  their  closures.  The  closure  of  the  latter  set  is  L(X,G)  and  the 

(X 

closure  of  the  former  is  L  (F)  .  n 


It  is  known,  that  in  contrast  with  the  Gaussian  case,  there  are  for  n  <  2  co¬ 
variation  stationary  SuS  processes  which  are  not  harmonizable.  The  simplest 
example  X^=A2*Y^,  where  A  is  a/2-stable  random  variable  independent  from  a 
stationary  Gaussian  process  Y^.  For  details,  see  r5\  th.  3.4. 

DEFINITION  1.2 


A  harmonizable  SaS  process  (Y  )  g  is  said  to  be 
formation  (LT)  from  the  harmonizable  SaS  process  (X^) 
tion  p(y)  e  La(Fx)  such  that 


obtained  by  a  linear  trans- 


_  if  there  exists  a  func- 
geG 


Y g  =  f£  <g,Y>P(Y)Zx(dY)  , 


where  Zv  is  the  random  measure  and  Fv  the  control  measure  of  the  process  (X  ) 

x  X  g  pfG 

2 

The  concept  of  subordination  of  stationary  L  -processes  was  introduced,  studied 
and  used  in  prediction  of  such  processes  by  A . N.  Kolmogorov  (1941).  The  problem  of 
finding  analytic  conditions  for  subordination  in  terms  of  the  spectral  measures 
leads  us  to  study  of  linear  transformations.  We  want  to  obtain  necessary  and 
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sufficient  conditions  for  subordination  of  harmonizable  SotS  processes.  In  a 
contrast  with  case  rt=  2  the  results  are  non-symmetric,  and  we  need  to  consider 
left  (right)  stationarily  related  processes  to  a  given  harmonizable  SoS  process. 
DEFINITION  1.3 

A  harmonizable  SaS  process  to  be  left  (right!  stationarily 

related  to  the  harmonizable  SuS  process  (X  )  „  if  there  exists  a  finite  measure 

W  SUCh  th3t  [Yg'XhWg  <g-h*Y>FYX(dY)  fXP»Yhla=Vg'h’Y>FXY(dYl- 

It  is  easy  to  observe  that  if  (Y  )  ,,  is  left  (right)  stationarilv  related 

g  geG  s 

,o  (XK)Be(.  ,  then  lY^X^  -  I  .  S,  _R1„  C '  Xg .  V„la  •  ■ 

THEOREM  1.1 

If  a  haimonizable  SaS  process  (Y^) is  left  (right!  stationarily  related 
to  the  harmonizable  SaS  process  (X  )  ^  }  then  the  following  conditions  are 

equivalent : 

(i)  There  exists  a  function  p(y)  c  La(l'x)  such  that 

Y  =  J.  <g,Y>pCY)Zx(dy)  geG  . 

R  G  A 

oc 

(ii)  There  exists  a  function  p(y)  e  L  (Fx)  such  that 


Fy(A)  = / A I p( Y) |aF„(dy) 


Fyy(A)  =  /.  p(y) F  (dy)  (or  F  (A)  = /  p(y) <a_1>FY(dy)  , 


for  all  Borelicm.  sets  A  on  ft. 

(Hi)  (Y  )  „  is  subordinate  to  (X  )  _  i.e L(Y:G)  <=  I,(X;G). 

g  gCb  g  gfG 


Proof: 


Let  us  consider  first  the  left-stationarily  related  process. 


(i)  ->  (ii) 


By  L -'mma  1.3  and  (1.3)  we  have 


1 


1.7 


rYg,Tha  =  r^A  <8»V>P(Y)Zx(dv)  <h.VZx(d Y)  'a 

= <g-h,Y>PCY)FxCdy) . 

Again  by  Lemma  1.3,  Lemma  1.1  and  (1.3)  we  have 

rVYhVrfg  <R-Y>p(Y)Zx(dY),/^  <h,Y>p(Y)Zx(dY)lrt 

=  J&  <g,Y>P(Y)r<h,Y>P(Y)  i<ot_1>p  (dy) 

R 

=  / .  < g , Y> P ( Y) <Ky> I <h , Y> | ^ " 2 bf yT I P ( y) !a'2Fx(dY) 

t  X 

=  /.  <g-h,Y>|p(Y)  |rtPx(dY) 

Since  from  the  other  side 


then  by  uniqueness  of  the  Fourier  transform  (see  r151,  p.  17)  we  pet  (ii). 
(ii)  -=>  (iii) 

Let  p  «  L(Y;C),  then  there  exists  a  function  f e  La(FY)  such  that 

n  = / .  f(Y)Z  (dY). 

C 

Observe  that  the  function  f(Y)p(Y)  e  L<l(Fx) ,  where  p(Y)  is  the  ^unction  from 
condition  (ii).  Indeed, 

JJf(Y)p(Y)rFx(dY)  =/Alf(Y)|aFyCdY)  =  ||n||“  - 
G  G 

Consequently,  the  SotS  random  variable  defined  by 
£  =  /g  f(Y)p(Y)Zx(dY) 

is  by  Lemma  1.3  an  element  of  L(X;G) .  Now  condition  (ii)  implies  that 
Zy(A)  =/a  P(Y)ZX(A)  for  any  A 

p  =  f f  L(X;G)  . 


\ 


and  consequently 


(iii)  ->  (  i ) 

Assume  Y  «  l.(X;0)  for  all  g'  (!.  Then  for  each  f  t  C  there  exists  a  function 
p(y:g)  e  La(Fy)  such  that 


Yg=[ft  P(Y;g)zx(dY)  . 

Since  (Y  )  _  is  left-stationarily  related  to  (X  )  _  we  have 

g geC  g  geG 

P(Y;g)<-h,Y>Fx(dY)  =  rYg*Xh]a=  ^O’VgV  ^  P(Y:0)<g-h,Y>Fx(dy) . 


Hence 

/  <-h,Y>rp(Y:g)  -  P(Y;0)<q,Y>  IPv(dY)  =  0  h  f  C.  . 

So  by  the  uniqueness  of  the  Fourier  transform  r 1 5  * ,  p.  ]7,  we  have 
fl -4)  p(Y!g)  = p(Y;0)<g,Y>  • 

Hence  letting  p(y)  = p(y;0)  wc  have  that  (Y  )  is  a  LT  of  (X  )  _  and  we  eet 

g  gtG  c  g<?G 


The  proof  in  the  case  of  right-stationarily  related  processes  is  very  similar 
and  only  the  last  implication  needs  some  explanation. 


(iii)  (i) 


Let  Y 


r  LfX;G)  and  Vg  =  J  p(Y;g)Zx(dY) ,  p(Y;g)  «  La(Fx).  Since  (vg)g  G  is 


right-stationarily  related  to  (X  )  _  we  have 

g  geG 

If,  <*.V»P(V;h)<'“1>Fx(<lY)  *  rXg.Yh  l(l  •  r»8_h.V0 


=  /g  <g,Y><-h,Y>P(Y-.0)<°‘‘1>Fx(dY)  • 

So  again  by  the  uniqueness  of  the  Fourier  transform  we  have 

(1-5)  p(Y:h)  =  <-h,Y>p(Y.:0) 

Observe  that  relation  (1.5)  is  different  from  relation  (1.4)  obtained  for 
left-stationarily  related  processes.  Using  Lemma  1.1  (iii)  we  may  write  (1.5) 


1 


where 


P,Cr)  *  lpCv:0)<<'-'’|<2-<»/(P-»p,Y;n)<oi-l> 

belongs  to  La(Fx)  since 

ln1fY)|il=|p(Y:0)^-I>|a/(a'n, 

from  the  definition  of  the  bracket  power  function  (cf.  (1.2)). 
»s  a  LT  of  (Xg)g£n  and  the  proof  is  completed. 


I 

i 


2 .  Law  of  large  numbers  and  metric  transitivity 


In  this  section  we  will  assume  that  G  is  a  second  countable  LCA  group  and 
the  Haar  measure  on  the  Borel  o-field  8^,  will  be  denoted  for  convenience  by 
m(*).  It  is  known  (see  for  example  f6l  and  references  therein)  that  G  always 
possesses  at  least  one  sequence  of  subsets  {K^}  satisfying  the  following  condi 


(2.1)  K  is  a  compact  for  each  n, 

J  n 

(2.2)  m(K^)  >  0  for  sufficiently  large  n, 

(2.3)  If  U  is  any  symmetric,  relatively  compact,  open  neighborhood 

of  0,  then 

m({g  e  fi:g  +Uc  Kn>) 

-  -ttvot) — 1  • 


Such  a  sequence  is  called  Tegular,  and  it  has  also  the  following  useful  property 


m((K  +g)AK  } 


=  0  for  each  g  e  G 


The  following  result  in  connection  with  the  Chebyshev  inequality  implies 
the  weak  law  of  large  numbers  for  harmonizable  stable  processes  on  groups. 
Case  ot  =  2  reduces  to  the  result  of  T61. 

THEOREM  2.1 


If  (X  )  „  is  a  harmonizable  SaS  process  on  G,  then  there  exists  a  SaS  ran- 

R 

dom  variable  ^  such  that  for  any  regular  sequence  (Kn)  of  subsets  of  G 


lim  S7FT  Jr  x_(«u)m(dg)  =  Mud 
”(Kn’  Kn  * 


in  1/ (ft,  P)  for  p  <a* ,  uhere  a*  =  °°  if  a  =  2  and  a*  *  a  if  a  <  2. 

Proof : 

By  Fubini’s  theorem  for  random  measures  we  have 


1 


sdrr  4cn  \  mtdR)  =  <ry  4cn  ^.y^myjum*) 

(2.V) 

=  4  rm(FT^K  <g.Y>™(dg)  IZfdy)  . 

u  n  n 

Denote  by  A  (y)  =  — \ /„  <g,Y>m(dg)  ,  where  {K  }  is  a  fixed  regular  sequence  o'" 
*n  ti  i w.  )  * x  n 

n  n 

subsets  in  G.  Then 

(2.6)  lin  A  (y)  =  1  .  (Y)  V  Y  £  G, 

n-°°  "  {6} 

where  8  is  the  2ero  element  of  the  dual  group  ft  and  1„  stands  for  indicator 

D 

funct ion. 

Indeed,  formula  (2.6)  holds  for  y  =  8-  So  assume  that  y  t  6  and  choose 
g0 e G  such  that  <p0,y>  i  1.  From  the  following  equality,  which  follows  from 
the  translation  invariance  of  the  Haar  measure  m. 


<Cq»Y>  fK  <P,Y>m(dg)  =  /  <g,Y>ni(dg) 


=  /K< g,Y>m(dg)  +  J  <g,Y>m(dp)  -  /  <o,Y>m(d°) 


<*n**o>'*n 


W*o' 


We  conclude 


An(Y)(<R0.Y>  *  1)  -ijyr  f  <R,Y>m(dg)  . 


"V*V  (K  +g  )  AK 
v  n  *0  n 

Thus  by  (2.4) 

m{(K  ♦  g_)AK  } 

lim|A  (Y)  I  |<g0,Y>  -  l|  s  lim  - -jjp; -  =  0  , 

n-**>  n-*«  1  n' 

and  we  get  (2.6).  Since  | (y)  I  si  and  An(y)  •*  I^(y)  pointwise  thus 
4JAn^Yl  ’  1  (8)(Yl  |U^(dY)  -  0  as  n  ■*  »  , 

fl 

where  F(A)  *  ||Z(A)||^  .  Hence  by  Lemma  1.3  (iii)  we  get 


2.3 


||  J  A  (y)Z(dY)  -  Z({6})||“  -0  as  n  +  “  , 

n 

which  by  (2. 5)  shows  that 

II  ST^T  xp  «"CdR)  -  ZCtfi})  li^  0  as  n  -  «>. 

Finally,  using  the  fact  that  for  SaS  random  variables  the  ||  *  1^  -convergence  is 
equivalent  to  ||  •  H^-convergence  for  all  p < a*  (see  r3l)  we  conclude  that  there 
exists  a  SaS  random  variable  \  (uj )  =  Z({8})  such  that 

lim  *  y  /K  X  (u>)m(dg)  =  A(ui) 

n-*00  1  rr  n  ” 

in  1  for  p  <  a* .  I ! 

Similarly  as  in  fiaussian  case  the  above  result  tells  that  time  average  of 

the  process  is  a  consistent  estimate  of  the  mean  if  and  only  if  the  control 

measure  F(*)  is  continuous  at  8  F({6})  =  ||  Z({6})||^=  0.  While  this  is  useful  to 

know,  it  is  not  general  enough  from  the  statistical  point  of  view,  since  it  only 

tells  us  something  about  a  particular  parameter  of  the  process,  the  mean,  and  a 

particular  estimate  of  it.  To  probe  deeper  into  the  consistency  question,  one 

must  consider  more  general  parameters.  The  question  of  consistent  estimation 

leads  us  to  study  strictly  stationary  processes  and  their  ergodic  properties. 

But  it  is  well  known  that  ergodicity  is  equivalent  to  metric  transitivity. 

Assume  now  that  a  harmonizable  SaS  process  CXg)g£f.  is  strictly  stationary. 

It  is  known  r31  that  this  holds  if  and  only  if  the  random  measure  Z(*)  oF  the 

process  is  isotropic  (or  rotationally  invariant)  i.e.  the  distribution  of 

(e^Z(A),  AeBg}  does  not  depend  on  4>.  Since  X^  is  strictly  stationary  the 

shift  transformation  T  :X  -*•  X  A  preserves  distributions. 

g  n  n+g 

Recall  that  a  strictly  stationary  process  X  is  called  metrically  transi- 

8 

tive  if  all  shift  invariant  events  have  probability  zero  or  one.  This  is 


2.4 


equivalent  to  the  fact  that  T  f *  f  for  all  g<  0  and  ft  (dP^)  implies  f = const . 
where  T  is  the  shift  transformation  and  P^  the  canonical  prohahility  measure 
induced  toy  the  process  X^,  cf.  •  1 !. 

PROPOSITION  2.1 

Let  (X  )  be  a  harmonizable  SctS  process  on  a  second  countable  LCA  group  0. 
If  F  has  no  atoms,  then  for  each  c  >  0  and  for  each  finite  sequence  gj ,g2> • • • . 
there  exists  g  «  0  such  that 

i  2 


(2.7) 


i^1|rX(g+Ki)’X01otl 


<  e  . 


Proof : 


Put  K(h)  =  f  X,  ,  X  '>  for  h  e  C.  Then 
v  h’  0  a 

|K(h)|2=  |rxh>X0la|2=  |/  <h,y>F(dy)|2  =  J  /<h,Y1><h7yyr  F(dy^)F(dy2) 


=  ^Yl/Y2<h’YlY2l>F(<iYl)F(dY2)  ’ 


since  F(*)  has  no  atoms  and  consequently  the  double  integral  over  the  set  y^  =  y2 
is  equal  to  zero.  Now  choosing  any  regular  sequence  (K^ }  of  subsets  in  0,  as  in 
the  proof  of  th.  2.1,  it  is  seen  that  for  any  finite  set  , . . . ,  p_N 

idrWic  I  lK(g**i)l2  *»(g) 

n  n  i=l 

=  ^VY2  ^Kn<R*Ri'YlY21>dn,(?))F(dYPF(dV 

But  (2.6),  the  translation  invariance  of  the  Haar  measure  m  and  the  fact 
Yj  ^  y2  ,  implies  that 

N  , 

liB  mflTT  ^  ♦  Ka)  I  d»(K)=0  • 

n-*®  v  nJ  i=l 

It  follows  that  for  each  c > 0  and  each  finite  set  p^ .  gN f  0  there  exists 

g  e  G  such  that  ^  , |K(g  ♦  g.) |2  <  (  .  11 

1*1  1 


2.5 


Kcinnrk:  lor  u  =  2  condition  (2.7)  and  the  assumption  that  (X  )  „  is  strictly 

g  «• 

stationary  imply  that  (Xg}g£(’  metric  transitive.  It  is  just  an  extension  of  the 
Maruynmn-flrenander  theorem,  which  says  that  a  stationary  emission  process  is  metric 
transtivie  if  and  only  if  F  has  no  atoms,  cf.  fll.  The  proof  of  the  necessary  nart 
is  easily  extendable  to  the  case  of  (general,  not  necessarily  SaS)  harmonizable 
processes.  However,  we  don't  know  whether  (2.7)  implies  the  metric  transitivity 
nor  any  example  of  a  harmonizable  SaS  process  which  is  metric  transitive. 


3 .  Interpolation  of  harmonizable  SotS  processes 

Extrapolation  of  harmonizable  SotS  processes  on  Tj  and  F  has  been  studied  by 

Y.  Hosoya  [7]  and  by  S.  Cambanis  and  R.  Soltani  f 5 ) .  M.  Pouralimadi  in  a  recent 

paper  [13]  has  formulated  an  interpolation  problem  on  7J  and  has  found  an  analog 

of  Kolmogorov's  minimality  condition.  However,  his  main  result  was  obtained 

under  more  restrictive  assumptions  on  the  density  of  the  control  measure  than 

2 

originally  by  A.N.  Kolmogorov  (1941)  stationary  I.  -processes.  In  this  sec¬ 
tion  basic  concepts  and  theorems  related  to  interpolation  arc  investigated  in 
the  more  general  setting  of  harmonizable  SotS  processes  on  LCA  groups. 

Using  Theorem  1.1  on  subordination  of  ri ght -stat ionar i 1 y  related  processes 
from  Section  1  we  are  able  to  obtain  an  analog  of  Kolmogorov'w  minimality  theorem 
in  full  generality  for  SmS  processes  on  discrete  groups.  Also  the  more  general 
interpolation  problem  on  discrete  groups,  when  a  finite  number  of  the  values  of 
the  process  are  missing,  is  studied.  An  analog  of  A.M.  Yaglom's  (1949)  result 
is  obtained  (th.  3.2).  This  provides  formulas  for  the  interpolation  error  and 
the  interpolator  of  a  harmonizable  SotS  process,  under  some  natural  assumptions, 
which  are,  for  example,  satisfied  by  minimal  processes.  Note  that  the  results 
and  their  proofs  are  more  complicated  when  1  <  ot  <  2  as  compared  to  the  case  of 
o  =  2,  cf.  [2].  Also  it  should  be  pointed  out  that  all  calculations  depend  here 
on  the  different  fractional  powers  of  the  index  rx,  which  in  the  Gaussian  case 
reduce  to  integer  powers  *1  or  ±2. 

Let  C  be  any  proper  non-empty  compact  subset  of  G.  The  interpolation  problem 
arises  if  one  wants  to  make  linear  predictions,  if  exactly  X  for  ge  G\C  are 

A 

known.  That  is  to  say,  we  arc  looking  for  a  preazetor  of  an  unknown  value 
X^  of  the  process  basing  on  linear  space  of  observations: 

(1)  $sc  I.  ( X ;  G\C)  ,  seC 

(2)  ||  X  -  i  ||a  =  min  ||  X  -  Y||a  , 

"  s  s"a  y  s  u 


3.2 


where  minimum  is  taken  over  all  Ye  L(X;G\C).  It  is  known,  see  [7]  and  |S]  that 
§  always  exists  and  it  is  obtained  by  a  metric  projection  of  in  the  strictly 

convex  Banach  space  L(X;G) .  Thus  it  is  the  best  approximation  of  in  L(X:G\C). 

2 

For  stationary  L  -processes  there  exists  a  general  interpolation  theory  for 
processes  on  groups.  However,  the  most  interesting  results  are  obtained  for 
discrete  groups  only  (sec  [191,  [  1 1 D -  Therefore  we  will  consider  the  ease  of 
discrete  groups  here.  Let  us  note  only  that  in  the  general  case,  the  class  of 
trigonometric  polynomials  £  a^g^iY*  ar's’n8  *"  the  next  proposition  and  further, 
should  be  replaced  by  the  class  of  functions  on  the  dual  group  ft  which  are 
Fourier  transforms  of  functions  q(x)  on  G  such  that  supp  q(x)  c(!,  q(x)  e  L*(dg) 
and  q(x}  is  positive  definite,  cf.  [19]. 

PROPOSITION  3.1 


Let  G  be  a  discrete  Abelian  group  and  C.  a  compact  (hence  finite)  subset  of 


G.  Suppose  the  control  measure  V,  of  a  harmanizable  SaS  process  (X  is 

absolutely  continuous  with  respect  to  the  Hoar  measure  dy  and  such  that  dF/dy >  ;i 
a.s.  dy.  Then  there  exists  a  trigonometric  polynomial  P(.(y)  =  )  a^'rg  y>  such 
that 

<l/(u-l)>  ....  n, 

(3.1)  Xs  =  /^[<s,y>  -  Pc(y)  (dF/dy) J ]Z(dy)  ,  srC 


heC 


and 


(3.2)  ||Xs-  Js||®  =  JA[|Pc(Y)|a/(dF/dy)l(1/(a'indy  . 


Proof: 

Put  <p(y)  for  isomorph  of  in  La(F) ,  which  exists  by  Lemma  1.3.  Then  <J>(y) , 

a 

as  a  metric  projection  of  <s,y>  onto  subspacc  L  (F;G\C),  satisfies  the  following 
James -orthogonal ity  relation 

<s,y>  -  <Hy)  i  l‘*(F :<:\cr) 

(t 

which  reads  as  follows 


for  g  e  fl\C  . 


3.3 


/  <K,Y>(<s.Y>  -  <J»(Y'n<a'1>H(dY)  =0 

Put  .Y=>(<s,y>  -  <MY))<a  I>l;(<lY)  *  ak 

(» 

for  Rj,r7,...,  g„ t  C.  Consider  two  functions: 


(<s,Y>  -  4> fYl ) <U*  *  dF/dY 


and 

(3.3) 


vc 


l  W^  =  pcM 


We  see  that  both  functions  have  the  same  Fourier  coefficients,  hence  they 
coincide.  Thus 

(<s,Y>  -<KY))<a'1>dF/dY=Pc(Y). 


By  Lemma  1.1  we  have 


<S ,Y>  -  <Hy)  =  lpc(Y)  I 


(2-u)/(ot-l  )s 


PC(Y)  (dl/dy) 


-d/(ot-l)) 


Hence  by  Lemma  1.3  (iii)  we  obtain  formulas  (3.1)  and  (3.2),  and  the  proof  is 
completed.  II 


Recall  that  a  stochastic  process  is  called  minimal  if  for  all  scC, 

Xs  i  L(X;G\{s}).  Minimal  processes  exist  only  on  discrete  groups  and  their 
study  is  related  to  the  simplest  interpolation  problem,  when  C  =  (s)  is  a 
singleton,  cf.  |9]. 

THL0RF.M  3.1 

Let  (X  )  -  be  a  discrete  Abelian  croup  and  (X  )  „  a  harmonizable  SaS 

g  geG  g  g«G 

process  such  that  the  control  measure  F  of  the  process  is  absolutely  continu¬ 
ous  with  respect  to  theHaar  measure  dy.  Then  is  minimal  if  and  only 

if  dF/dy>  0  a. s.  -dy  and  (dF/dY) '(1/(a"1))  €  L^dy). 


I 


3.4 


3.5 


from  (3.6)  is  finite  a.e.  with  respect  to  the  Haar  measure  dy.  Since  by  the 
assumption  the  control  measure  F  =  is  absolutely  continuous  with  respect  to 
dy,  thus  the  above  considerations  show  that  dF/dy  is  positive  a.e.  with  respect 
to  dy  and  by  Prop.  3.1  we  conclude  that 

(dF/dy)  c  I.1  (dy)  . 

Conversely,  if  g  is  fixed  then  by  (3.2)  there  exists  a  non-zero  P^fy)  =  dcg,y> 
such  that 


II V  V'a  =  N|a/6(<lF/dY)'(1/(a'1)}dy  i  0 

and  consequently  (X  )  ^  is  minimal. 


Remark:  !  or  a  =  2  this  theorem  reduces  to  the  celebrated  Kolmogorov's  result  on 
C,  =  7/  .  Recently  it  has  been  extended  to  SaS  processes  on  7j  in  [13],  but  under 
additional  assumption  (dF/dy)  1  exists  a.e.  As  it  is  easily  seen  from  the 
proof  this  is  an  essential  part  of  the  theorem.  The  rest  follows  from  Prop. 

3.1.  Case  n  = 2  for  any  discrete  Abelian  group  reduces  to  |2],  th .  4.1  and  [P|, 
Cor .  4.8. 


Observe  that  Prop.  3.1  has  an  existential  character  only.  It  was  enough 
for  obtaining  Theorem  3.1,  but  it  doesn't  describe  precisely  the  interpolation 
error  or  (the  formula  for)  the  interpolator.  In  the  case  C  =  {s},  however,  it 
is  easy  to  solve  the  problem  completely.  Indeed,  we  have  by  (3.6)  and  Lemma  1.1 

II V  *gll“  -  llV(Ell“-/elp(Y)l'VrdYl  ./eCa^S7J<<*/f"-,1,(dF/dY)  Jv 


=  a(a/(«-l)) j  (dF/dy)' (l/(w*D)dY 

G 

and,  on  the  other  hand,  from  (3.4) 


-  ft 


=  Y_ 


ct 

a 


=  ci  . 


3.6 


Thus  we  have  that 


t 


and  consequently  we  get 


COUOI.I.AKY  3.1 


If  is  a  minimal  havmonizable  SaS  process  on  a  discrete  croup  C.  with 

the  control  measure  F  absolutely  continuous  with  respect  to  dy,  then 

O  =  ||Xg  -  $g||“  =  [/^dF/dYJ^^^^^dYl1'® 


5„  ’  ■  <3F7av'll/<"'1,)iz(d"  ■ 

Now  we  will  return  to  a  more  general  interpolation  problem  when 
C  =  {gj ,g2, . . . ,  Rn)  i.e.,  a  finite  number  of  the  values  of  the  process  arc 
missing  or  cannot  be  observed.  For  stationary  I.'" -processes  this  i  rob  lorn  wa 
first  considered  by  A.N.  Yaglom  (1949)  cf.  [201.  See  also  [21,  li*],  1 1 7 1  , 
ri9l.  For  SaS  processes  on  2/  ,  sec  [13].  Our  approach  is  based,  similarly 
as  in  [17],  on  a  duality  relation  for  homogeneous  functionals  on  a  cone  in 
linear  space. 


Let  P=  {p(y)  on  6jp(y)  =  <s,y>  +  l  ck<gI.,Y>} 


For  any  pe  P  denote  by  the  following  cone 

(3-7)  C  =  {<(>£  L0^  CF]  |  /  4>(Y)p(Y)dy  exists},  p  e  P, 

1  G 

where  F  is  the  control  measure  of  the  harmoni zablc  SuS  process.  Let  us  intro¬ 
duce  the  following  homogeneous  functional  J(p)  on  C 


J(p]  =  inf  {/  |4>(Y)  |aF(dY)  |  J  d)(Y)p(Y}dy  >  1} 
<t>eC  ft  ft 

P 


(3.8) 


5.7 


The  following  duality  relation  is  a  special  case  of  a  more  general  relation, 
which  is  frequently  used  in  approximation  theory  in  linear  spaces,  lor  an 
elementary  proof  see,  for  example,  { 1 7 1 ,  p.  24. 

For  each  p  r  P  we  have 


J(p)  =inf  ({ J<()|a!:(dY)  |  /  4>pdy  >  1} 

4>eC  ft  ft 

(5.91  P 

=  [  sup  {/  <f>pdy|  J  |4>|aF(dy)  <  l}]'1  =  S  1  (p)  • 

<t>eC  8  ft 
P 

Now  we  may  state  the  following  main  result. 

THEOREM  5.2 


Under  the  assumptions  of  Prop.  3.1  we  have 

(5.10)  || X  -  $  ||“  =  max(J  [|p(y)r/(dF/dy)](1/f0t*indy)1‘a  . 

s  '  “  peP  ft 

Tf  p'  P  and  fulfills  condition  (3.10)  with  ||x  -  a,  then 


(5.11)  $s  =  j.  [<s,Y> -o 


(1/ (a-1)) 


|p(y)i 


((2-a)/(a-l)) 


P(Y)  CdF/dYl ~ C1/Cot_i:)  5  lZCdy) . 


Proof: 

We  shall  split  the  proof  for  several  steps. 

Step  one: 

||  X  -  $  II01  >  max  J(p)  . 
s  s  '*  pcP 

Pick  pc  P  and  let  <ji  be  the  isomorph  of  $g  in  La(F) .  Then  we  have 

HXs  •  Ma  *  /gl<s.Y>-<l>(Y)rF{dY) 

=  inf  J  | <s ,y>  -  l  bk<Kk,y>|aF(dy) , 

A  >b  ft  gk«A 

where  infimum  is  taken  over  all  finite  subsets  AcG\C  and  finite  complex  sequences 


b=(bk),  gk  e  A.  For  brevity  we  shall  use  the  symbol 


and  thus  we  have 


3.8 


Vh(Y)  =  <S’Y>‘  *  'WY> 


VA 


(3.13) 


lXs"  Ma  =  inf  /aK  hfY)|“F(dY). 


A,b  t  A>b 

Since  AnC  =  0  and  the  Haar  measure  dy  is  finite  (G  is  compact  as  the  dual 
group  of  the  discrete  group  G)  and  consequently  normalized,  then  for  any  pe  P 

/a  jY)p(Y)dy  =  /J<s,Y>|  dy  =  1  . 
a.d  g 

Thus  (/j.  ,  <  C  for  all  pe  P  and  (3.13)  and  (3.8)  imply  that  for  all  p'  p 
A ,  n  p 

ii  *s-  «,n“ *  j<p)  ■ 


Step  two: 


Xc  -  -  max  J(P) 


s  s  "a 


peP 


If  || -  ^s||”  =  0  then  nothing  remains  to  be  proved.  So  we  may  assume 
|| -  $_J|™  =  a>0.  In  an  entirely  analogous  manner  as  in  the  proof  of  Prop.  3.1 
cf.  (3.3)  we  have 

0<a  =  || Xs  -  Xj|“  =  [Xs,Xs  -^s]a=/^<s,Y>(<s,y>  -  4>(y) ) <a" 1  >F(dy) 

=  /  <s,Y>f(<s,Y>  -  <t>(y)  <ct_1>)dF/dY]dY  =  /  <s,  y>  Pc(y)dY 
G  C» 

"  VS,Y>*keC  VVY>  dY  =  3s/g,<S‘Y>|2dY  =  as  • 

In  the  last  equality  for  the  integrals  we  use  the  fact  that  characters  are 

orthonormal,  when  G  is  discrete,  see  [IS].  If  we  put  now 

(3.14)  p0(Y)  = <s,y>  +  l  a^/a<gk  ,Y>  =  1/a  PC(Y) 

Rk"C 

hf* 


=  l/a(<s,y>  -  4>(Y))<a'1>dF/dY 


Then  |>() (  y  )  is  nil  element  *> t'  /’  and  has  to  he  token  into  account  for  ;i  enlenl.it  ion 

ol’  inn x  ,T(|>).  Select  t|>  >  C  such  that 

P0 

( 3 .  i  fs >  1/  l'(Y)i»0fYT«irl  1  • 

c » 

We  will  show  now  that 

(3.16)  /  |<s,Y>  -  <j)(Y)  |aF(dy)  S  /  |i)i(y)  |ar(dy)  . 

G  G 

(\ 

For  this  split  tjt  in  1.  (F)  in  such  a  way  that 

<HY)  =  <5(<s.Y>  -  4>(Y),+ ep(Y)  . 
where  iS,e  arc  constants  and 

(3.17)  <s  ,Y>  -  <My)  P(Y)  in  l“(F)  . 

Thus  hy  (3.14) 

<>  =  /  P(Y)  (<s,Y>  -  <KY))<U  l>dl7dY*dY 
C 

=  ajg  P(Y)p0(Y)dY  • 

Consequently,  (3. IS)  implies 

Ml  l/.(''s.Y>  *  4>(Y)  )p(,(Y)dY|  ^  1  • 

G 

More  specifically,  note  that  by  (3.14) 

|J  (<s,Y>  -  <J>(Y))P0(Y)dY|  =  j/J<s>Y>  '  <HY)  Tl  CdY)  =  1 
G  G 

and  we  conclude  that  1 6 1  >1.  Moreover 

/.  M(Y)  |“F(dY)  =  /  M(<s,y>  -  <t>(Y))  ♦  tp(Y)  |aF(dY) 

G  G 

5  M|/AI<S,Y>  -  0(Y) l“F(dY)  , 

G 

where  the  last  inequality  follows  from  (3.17)  and  the  property  of  James  ortho¬ 
gonality  (||x+  t:p||  5  ||xf|  for  all  c>0  if  xi^p) .  Hence  we  get  the  desired 


inequality  (3.16). 


3.10 


Finally,  (3.1(0  :im!  arbitrary  choice  of  «(>  <  C  satisfying  (3.131  imnlics 

P() 

II -  ^sllas  J(P0)  ~ma* 

peP 

and  the  second  step  of  the  proof  is  completed.  Consequently  we  have 
(3.18) 


||  X  -  $  ||“  =  max  J(p)  . 

o  3  U  r\ 

peP 


Step  three: 


S{p)  .  </Ai  |P<Y)  ("/(dF/dv)  iC  ( , 


L 


whore  S(p)  is  defined  in  (3.9)  and  p e  P. 

Take  4<  (  C ^  with  j  |  iJ'(y)  |“l  (dy)  1.  Then 

''  ft 

|J  ip(Y)pTyT«ly|  <  /  |<^(Yl  fdF/dy)  61  *  1  fdF/d  )-,&p(Y)  |dy 

ft  ft 


by  Holder's  inequality 


^  (/  | <*>(Y)  |  “(dF/dy)  dY) ^  J  |  pM(dF/dY)  J<t\  (a/  (a_1 }  1 f  11  A° 


by  the  above  choice  of  i(i 


( /. [ I P(Y) | ' °7 (dF/dy) 1 ( 1 1 (o‘ : 1 ] ) dY) f (“ ' ' 1 ) /C°  . 

ft 


Consequently, 

(3.19)  Sfp)  =  sup  |/  ‘  *(Y)p(Y)dy|  S  (/.[|p(Y)r/(dF/dY)]n/fa',)1dY){(nt'I)/n‘1. 
ibe  C  ft  G 

P 

To  prove  the  converse,  let's  introduce  the  following  two  sequences  of 
auxiliary  functions 

Sn(Y)  =  max(dF/dy(*) .  1/n)  n  =  1,2,... 

♦„())  -  (cnP(Y)<(1/(C<"1))>)/(Cn(Y)(1/fCt'1)))  n  .  1,2,... 

where  p(Y)cP  and  cr  =  (/  f  |p(Y)  T/C^Y)  ]  }dy)  'U/a)  . 

V» 

These  definitions  make  sense  in  view  of 


4r 


Ik 


3.11 


;iihI 

|C„  5  -  i.’ 

Observe  first  that 

U 1  VYl  1  °'F (dyl  =  CnU  <’ (Y)!f a/  (a’ in  /^“7  (<X~ 1 ] )  (Y)  F(dvl 

(l  (i 

'  VC’1 

G 


and 


/^n(Y)pCY)dy  =  JAcnp(Y)<(1/(^'1))>/£;n(Y)(1/(a'1))p(Y)dY 
(»  (» 

-  cn/elp<v>l^f-”Vrncv»‘1/f—»dv  -  Sl-c-  -  c’- 

Thus  il>  (Y)  (  C  and 
n  p 

S(p)  =  sup  |  J  iKY)p(Y)dYl  >  I  /.♦  (Y) P^Yldy  | 

ipcC  ft  ft  n 

P 

■  *1'“  - 

Since  lim  f  (y)  =  dP/dyfy)  for  all  Ycft,  thus  the  limit  inequality  tmiethr 
n *“>  11 

13.19)  gives 


(3.20) 


S(p)  =  (Lf|p(Y)  r/(dF/dY)l(1/(0<'n))((0l'n/0l) 

ft 


The  final  step: 

To  complete  the  proof  of  the  theorem  it  only  remains  to  observe  that 


(dy). 


a 


r  wit  h 


formula  (3.10)  is  an  immediate  consequence  of  (3. IS)  and  (3.20),  and  formula 
(3.11)  follows  from  (3.1)  and  the  fact  that,  similarly  as  in  (3.14),  Pc(y)  e  P 
if  Pf(yi  =  d/°)p(Y).  where  p(y)  «  P. 


n 


Recall  that  a  process  is  interpolate  if  it  can  be  errorless  predicted  for 
missed  values  from  a  compact  set,  cf.  |19],  The  proof  of  the  following  result 
is  an  immediate  consequence  of  I'll.  3.2.  l-’or  the  case  a  =  2,  c1'.  |2|  and  ||‘.i|. 

COROLLARY  3.2 

If  G  is  a  harmonizable  SaS  process  satisfying  assumptions  of  I'roj-. 

X.l,  then  it  is  interpolable  if  and  only  if  I  |p(y) j'VfdF/dy)  I  /  l’(dy) 

for  any  turn -zero  p(y)  t  P  . 


Remark:  It  is  rather  surprising  that,  unlike  the  case  a=  2.  for  1  <  <x  <  2  the 


Dellinger  integral  technique  seems  not  to  be  useful  in  studying  the  interpola¬ 
tion  problem.  For  a  =  2  the  error  space  Nc={X^-$^,  g  e  C)  has  an  isometric 
description  as  a  subspace  of  those  complex  valued  measures  u  which  are 


Dellinger  square  integrate  with  respect  to  l;  and  with  the  Fourier  transforms 
0(g)  =0  for  geC,  cf.  [19].  This  approach  is  not  suitable  for  SaS  processes 


because  of  the  fact  that  the  James -orthogonality  used  here  is  not  a  symmetric 
relation.  Consequently ,  the  above  convenient  description  of  the  error  space 


■1  .  Append  i  x 

for  the  cases  that  occur  most  often  in  applications  the  characters  are 
given  in  the  following  table. 


(’.roup  ('. 


Characters  <B,Y>.  get*.,  ycG _ Dual  ('.roup  ft 


exp  lgY 


expfil^i  gkYk] 


exp  igY 


cxpfiJk=l  PkYkl 


exp  igY 


oxpMyk  =  i  gkYkl 


8=1,2... 


exp  igY 


Walsh  function  W(g,y) 


2tt  4tt 

T’TT’  ’ 


Where  we  use  the  following  convention:  F-  the  reals,  7J  -  the  integers, 

T  -  one-dimensional  torus  (circle),  7/^  -  cyclic  group  over  k-object,  IP -dyadic 
group  of  non-negative  integers  with  dyadic  addition  +,  and  D-  dyadic  group  of 
all  sequences  3T  =  f x^ } ,  where  x^  =  0  or  xn  =  1 ,  n=l,2,...  with  the  group  operation 
defined  by  z=¥+y  if  x,ye  1)  ,  where  zn  =  xn  +  Yn  ■  There  is  a  topology 

for  I),  based  on  the  system  of  neighborhoods  of  0=  (0,0,...),  with  which  I)  be- 

_  ,  —  yOT>  _  ] 

comes  a  LCA  group.  To  each  xe  Tone  may  assign  a  real  number  x  =  d(x)  =  )_._j  x.2 
in  the  interval  [0,1).  The  Walsh  functions  (W(n,x),  n=0,l,...,  0<x<l)  are 
defined  as  follows: 


1 


4.2 


(i )  WfO.x)  =  1  ,  0  <  x  <•  1 

(ii)  If  n  has  the  dyadic  expansion  n  =  x.21,  with  x.  =  0  or  x  =1 

1-0  l  ’  i  j 

and  Xj  =0  for  i  >  then 

W(n,x)  =  H  {R  (x)}  , 

1  =  1  l 

where  m  .  . . ,  m  correspond  to  the  coefficients  x  =1  and  where  {R  fxl}  arc 
1  *  m.  k 

l 

the  Rademacher  functions,  lor  more  details  see  (121,  |  lf>]  and  references  ther 
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